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Abstract

Chaotic synchronization usually involves two coupled chaotic systems, with either one driving the other, or both being
mutually coupled. In this paper we address a problem of synchronizing more than one pair of chaotic systems using only
one communication channel. We demonstrate the principal possibility of multiplexing chaotic signals using synchronization
both for iterated maps and ordinary differential equations. Possible applications for communication purposes are discussed.
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1. Introduction

In the last decade, the phenomenon of synchronous chaotic behavior in coupled nonlinear systems has been
studied in much detail both theoretically and experimentally (see e.g. Refs. [1,2]). There are two settings
in which chaotic synchronization is most commonly considered. In the first one a uni-directional coupling is
introduced between a driving chaotic system and the response system which can either be identical to it or
replicate a sub-system of the driving system. In the second more general approach, a mutual coupling between
two systems leads to their synchronization. In both cases, the regime of identical synchronization when the
corresponding variables in two coupled systems exhibit identical chaotic oscillations, can often be achieved by
using a scalar variable for coupling, in other words, one “communication channel” between the two systems is
usually enough.

Recently it has been proposed to use nonlinear chaotic oscillators for communication. A chaotic system can
be controlled by small external perturbations in such a way as to produce a given symbolic sequence [3].
Alternatively, a small-magnitude message can be added to a chaotic signal and then recovered at the receiver
end, thereby providing a private communication link [4].

For linear systems, there are a number of standard ways to increase the information capacity of the channel
by sending multiple signals over one channel. Most common are frequency division and time multiplexing [5].
More recently, various spread-spectrum methods of channel multiplexing based on digital signal processing
were introduced for communication purposes [6]. Many of these schemes involve random or pseudo-random
masking of the digital signal. Uncoupled chaotic systems generate uncorrelated signals which can be used for
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information transmission. It would be of great interest to exploit intrinsic properties of chaotic systems for
signal multiplexing and spread-spectrum communication.
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the ability to identically synchronize several pairs of chaotic oscillators using just one communication link. The
signal transmitted through this link represents a combination (in the simplest case considered here, a linear
superposition) of the scalar signals from the driving oscillators. In the synchronous regime the corresponding
driving and response systems exhibit identical chaotic oscillations. Thus, when this regime is stable, one in
fact is able to separate the composite transmitted signal onto several chaotic components which were produced
by independent driving chaotic systems. We will show that stable synchronization is indeed possible with a
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In Section 2, synchromzatlon of d1screte—t1me systems (maps) is considered. In Subsection 2.1 we discuss
the case of two system pairs, and in Subsection 2.2, a general case of N system pairs. The basin of attraction of
synchronized dynamics shrinks as the number of pairs increases, and the system gets more and more sensitive
to noise: bursts of de-synchronizations interrupt “laminar” phases of synchronized dynamics. Subsection 2.3 is
devoted to a detailed analysis of the intermittent breaking of muitiple synchronization due to additive noise in
a communication channel. Section 3 deals with continuous-time systems of ODEs.

2. Discrete systems
2.1. Two system pairs

We begin our discussion with a simple model of two pairs of one-dimensional chaotic maps in the form

xi(n+1)=fi(x1(n)), (n
x(n+1)= fr(x2(n)), (2)
yi(n+ 1) =fi (n(n) + € [fi (x1(n) + f2(x2(n)) — fr (m(n) — f2(n(n)], (3)
(1) = 2 (a(m) + € [ a(m) + o (xa) = f1 i (m) = f2 (a(m))] @

Egs. (1), (2) represent two different uncoupled driving systems, and (3), (4) are the respective response
systems. Functions f;, describe individual dynamics of maps', and € denotes the strength of dissipative
coupling. As one can see, in this case both response systems receive the same signal from the driving maps,
f1{x1(n)) + f2 (x2(n)), and therefore it can be transmitied through a single link. Note that unlike the driving
maps, the response systems are coupled to each other. It is easy to see that the synchronized dynamics of both
pairs of systems, x;(n) = y;(n) and xa(n) = y2(n), is an invariant manifold of the joint system (1)-(4). The
main question is to see if this manifold can be made stable. Linear stability of the synchronization manifold
is determined by the conditional Lyapunov multipliers (or exponents, see Ref. {2]). These, due to ergodicity,
can be computed as the eigenvalues of the Oseledec matrix [7]:

1/2N

' We assume identical dynamics of corresponding driving and response systems throughout the paper.
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For the osciilations in the synchronization manifoid x;2(n) = y;2(n), the Jacobian matrix for the response
systems (3), (4) is given by

DF:((l-e)f{(xl(n)) —€f3 (x2(m)) )

(7
—€ef} (x1(n)) (1—€)f;(xa(n))

and is in general a function of the vector of variables x(n) = {xl(n) x2(n)} (the prime in (7) means
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for arbitrary maps, elements of the conditional Jacobian DF are functions of x;, x, it is impossible to calculate
eigenvalues of the Oseledec matrix in a general form. However, a significant simplification is achieved for the
value of € = 1/2 (in this case Jacobians become singular). Indeed, in this case, direct calculation yields

N1 /s 0\

. . I -1

DFY (x(m)) =27 [T [fi (ri(m+)) + £ (xaln + )] ( L ) : (8)
i=0 -

so two eigenvalues of the Oseledec matrix, also known as the conditional Lyapunov multipliers (their logarithms

are conditional Lyapunov exponents [2]), in this case are

A =0, 9)
do=2 lim (ﬁl [fi G+ + f (x (n+i))]2) (10)
2_2N—>oo \i:O ! ! 2 2 ’

Thus, for the linear stability of the invariant manifold of synchronized oscillations, a magnitude of the geomet-
rical average of the sum of derivatives f] (x)(n)) + f3 (x2(n)) must be less than 2. It can be achieved in
the case of chaotic maps if at least some multipliers in the above product of the sum of derivatives are small
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Let us take an example of tent maps,

fi(x) =ax, if x <0.5,

=a(l — x), if x >0.5, (11)
fa(x) =bx, if x <0.5,

=b(1-x), ifx>05, (12)

and 1 < {a,b} < 2.If a is close to b, the sum f] (x1(n)) + f3 (x2(n)) will be small when x;(n) < 0.5 and
x2(n) > 0.5 or vice versa. Denote by p; (p2) the probability for x; < 0.5 (x2 < 0.5), and ¢12 =1 — p12.
Then, due to the ergodicity,

Ay = %(a + b)mpz+qnqz,a _ b|p1qz+q|pz. (13)
Clearly, for |a — b| — 0, A3 — 0. The two-dimensional plot of Ay(a, b) for two tent maps is shown in Fig. la.
One can see that linear stability (A2 < 1) is achieved in the wide range of map parameters. It is interesting to
note that for two shift maps,

fi(x) =axmod]1,

f2(x)=1—bxmod1, (14)
when |a — b| — 0, the eigenvalue A, turns into zero even faster, as all multipliers in the product (10) are close
to zero.



158 L.S. Tsimring, M.M. Sushchik / Physics Letters A 213 (1996) 155-166

{b)

3.6 a

Fig. 1. Conditional multiplier for two pairs of coupled tent maps (a) and logistic maps (b) as a function of parameters a and b.
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Fig. 2. Di"c nces between driving and response signals x; —y; (a) and xz —y» (b) for two pairs of coupled logistic maps with parameters
a =37, b=3.8, and coupling € =0.5.
Tn tha ~nca of twn laoigtic manc
A1 LG LADw VL LYW l\lslall\a 1H1ap o,
Hx) =axi(1-x), (15)
f2(x2) =bxa(1 — x3), (16)

the Jacobians for individual maps fluctuate chaotically. Still, A does not exceed 1 throughout the whole range
of parameters a,b corresponding to chaotic dynamics of individual mappings (see Fig. 1b). These results

¢ th h izat £t of daed ikl 1 i
suggest that synchronization of two pairs of maps is indeed possible. Fig. 2 demonstrates this synchronization

in numerical experiments with two coupled pairs of logistic maps, with parameters a = 3.7 and b = 3.8, started
from random initial conditions. The time series of y; eventually approaches that of x, while y, — x2. Similar
behavior is observed for coupled tent maps.

2.2. N system pairs

______________ Y P . 2 ~F ] Py

nan two pairs O1 maps: The answer
is “yes”, however it requires a specific choice of maps. We will see that stable synchronization can be achieved
in a particular class of complex mappings (i.e. a complex signal, or two scalar signals must be transmitted over
a communication link).

Consider a collection of maps coupled again via a sum of the variables

xj(n+ 1) = f; (x;(n)), (17)
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N
yiln+ 1) =f; (v;(m) + € > [fi ((m) = £; ((m)],  j=1,....N. (18)

i=1

The conditional Jacobian matrix for the response system reads

(1 —¢)fi(x1(n)) —€f3 (x2(n)) —€efy (xn(n))
DF = —€f) (.xl(")) (1- f)f.é (x2(n)) --- —€fy (.xN(n)) (19)
—efi (x1(n)) —€efy (x2(n)) -+ (1 —€)fy(xn(n))

To investigate the stability of the synchronization manifold of systems (17), (18) we shall begin with the
analysis of the eigenvalues of this matrix. Let us make a simplification by assuming that all fj'- = const for any
x;(n) (as in shift maps). Thus we have a constant matrix

(e7'=Df -f3 —fn
o “1_1yf ... o
DF = ¢ .fl (e ‘ ) fa .'fN (20)
-fi -f2 o (eTh =D fy

A well-known theorem of the matrix theory [10] states that the characteristic equation of a matrix has the
following general form:

AN-{—gN_]AN_l+...+g1A+g0=0, (21)

Here gy, is (—1)" times a sum of all main minors of the rth order of the matrix DF. It is easy to observe
that for DF (20) the sum of all main minors of the rth order is proportional to the elementary symmetrical
polynomial of the rth order, namely,

gv—1=—detAl(fi+ fi+...+fy), gvaa=detMa(fifs+ fifi+..) ...,
Cy
gvor=(=1)"detA, > fifo - fio .o go=(=DYdetAvfif--- fu, (22)

i=1

where A, is an r x r matrix of the following form:

et-1 -1 ... -

Ao ‘ | . . 23)

First of all, notice that detAy = O for € = 1/N. It turns out that one can make all g;,...,gv—1 =0 by a
particular choice of f;. Indeed, if f} are the roots of a polynomial of the Nth order,

fN4enaifM '+ +af =0, (24)

from a well-known relationship between the roots of a polynomial and its coefficients, ¢; must be equal to
gi/ det A; (see (22)). Since we require all gi,...,gy—1 =0, Eq. (24) reduces to a very simple form,

N +co=0, (25)
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where ¢y is arbitrary. Evidently, the roots of this equation for N > 2 are complex,
fr = foe®™ N, (26)

where fo is a new arbitrary complex constant. Since gj,...,gn-1 = 0 for this choice of f! and € = 1/N,
the eigenvalues of DF (19) are all zero. It is known from the matrix theory [10] that matrices of this type
are nilpotent, i.e. their finite power DF" = 0 for any n > ng, where ng < N (in fact, in this case ng = N).
The conditional Jacobians describe the evolution of small perturbations §(n) = x(n) — y(n) transversal to
the synchronization manifold. A jth iteration of £(n), £(n + j), is given by DF'&(n). Therefore, an arbitrary
small perturbation off the inertial manifold x; = y; will turn into zero within a finite number of iterations of the
maps (17), (18), and so the synchronized dynamics is super-stable. The solution which we found implements
the stable synchronization for complex maps, and therefore, two scalar variables, the real and imaginary part of
the sum of dynamical variables need to be transmitted in order to synchronize more than two pairs of maps.
In order to make the maps expanding, we must choose fo > 1, and to make the dynamic bounded we should
take f;(x) = fj’- x (mod 1), which for complex maps means

fi(x) = [Re (fjx) (mod1)]+i[Im(fjx) (mod1)]. (27)

Thus we established the principal possibility of multiplexing chaotic signals using synchronization. In the
synchronized state the array of globally coupled response maps serves as the signal processing machine which
takes the sum of chaotic sequences as its input and breaks it into the individual chaotic components each of
which comes from a particular driving map.

We tested the synchronization of multiple maps with individual dynamics described by (27) in numerical
simulations. If the system is started from the close neighborhood of the synchronization manifold x; = y;, it
synchronizes quickly and remains synchronous for a long time. However, we found that the basin of attraction
for the synchronous state shrinks rapidly as the number of maps increases. It turns out that the roundoff errors
eventually may lead to de-synchronization. This effect depends strongly on the number of coupled maps. For
example, when double precision is used, one can synchronize up to N = 43 pairs of maps for over 10000
iterations. With single precision, only up to N = 13 pairs could be synchronized over the same number of
iterations. In the next subsection we will explore the role of noise in greater detail.

2.3. Noise in the channel

It is known that even a small amount of noise, either in the communication channel, or in the systems
themselves (for example a small mismatch of the parameters in the corresponding systems), affects the
synchronization quite adversely {11]. The same is true for the synchronization of periodic oscillations in large
arrays of globally coupled osciilators [ 12]. The basins of attraction of synchronized states shrink rapidly with
the number of elements in the array and arbitrarily small noise is able to destroy synchronization. We observe
the similar phenomenon in the synchronization of many pairs of chaotic systems coupled via one communication
channel when the channel introduces small fluctuations into the driving signal.

In Fig. 3 we show the difference x, — y, for two pairs of coupled tent maps (a = 1.8, b = 1.9) when the
same white noise uniformly distributed between —o /2 and o/2 is added to all the r.h.s. of response maps (this
simulates an additive noise in the communication channel). Perhaps not surprisingly, the difference exhibits
a clear intermittent behavior, Indeed, there is a very close similarity between this phenomenon and so-called
“on-off™ intermittency [8]. As in the latter case, even when the system is under the threshold of intermittency
for the noise-free case, very small amounts of noise yield intermittent burstings. The underlying reason for this
“below-threshold” intermittency is the presence of local conditional multipliers with magnitude greater than 1.
The local conditional multiplier for a system (1)-(4) with € = 1/2 is determined as the eigenvalue of the finite
product of Jacobians,
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Fig. 3. Differences between driving and response signals x| ~ y; for two pairs of coupled tent maps with parameters a = 1.8, b = 1.9, and
coupling € = 0.5, when white noise is added to the synchronizing signal, for various noise levels o.
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1
AW x(m,xm) =5 | [T e+ + fhaam+d)] (28)

i=0
so there is a finite probability to find A(N) > 1. One can introduce a measure of local instability as

Avax (1,52 = sup [AN:ix,x)]". (29)

When Apax reaches a value which is of the order of o~!, a small O(o) initial fluctuation of |x(n) — y(n)|
due to noise in the channel may grow to O(Amnaxo) = O(1) after several iterations, and the system can escape
from the linear neighborhood of the inertial manifold and produce a burst of de-synchronized behavior. In
particular, for the case of coupled tent maps with a ~ b, these “susceptible” intervals happen when G =
fi (xi(n)) - f5 (x2(n)) > 0, for many consecutive iterations. In this case Amax = |a|V, where N is the number
of consecutive iterations with G > 0 starting with a given iteration n. Fig. 4 illustrates this point: in Fig. 4a the
deviation |x; — y1] is shown for each iteration n and in Fig. 4b Apy is plotted for the same run. Of course, not
every interval with high Amax necessarily produces a burst of de-synchronization, but still a strong correlation
between peaks of Amax and intermittent bursts of de-synchronization is clearly seen in the figure.

In the case of shift maps (14), all local multipliers are formally zero if they are computed for segments
of lengths equal or larger than the number of driving maps. However, in this case, when some small noise is
transmitted together with the driving signal, synchronization also breaks down after a while. The synchronization
breakdown occurs when one of the driving maps produces a signal which is very close to the shift value
(Relx; — 1] < O(o) or Im|x; — 1| < O(o)). In this case, the noise in the communication channel may force
one of the response maps to shift while the corresponding driving map did not shift, or vice versa. This causes
the coupling terms in all response maps to deviate from zero significantly which destroys the synchronization
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Fig. 4. (a) Magnitude of the difference between driving and response signals |x; — y)| for two pairs of coupled tent maps with parameters
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Fig. 5. An example of the probability distribution of lengths of laminar phases for coupled complex shift maps (14) with fo = 1.5,€ = 0.333
and N =3, o =2 x 10™*. For other values of N and o distributions P () are qualitatively similar.

in the whole system. Since for large N the basin of attraction of the synchronous state is small, the system can
spend a very long time before returning to a synchronous state again.

We analyzed the statistics of the lengths of synchronous periods for various numbers of maps N and noise
ievels o. The resuits are presented in Figs. 5-8. It turns out that the distribution function of “laminar phases”
P(l) obeys an exponential law,

P() xe ¥, (30)

with the rate A depending on N and o (see Fig. 5). It is easy to explain the exponential statistic (30). Indeed,
as mentioned above, the synchronous phase ends when one of the variables x; and its counterpart y; happen
to be on opposite sides of the shifting boundary. Therefore, P(lp) is the probability that this does not occur at
any / < lo and occurs at [ = [o. What is the probability Pr(/) that at the step / Re f}x; < I and Re fiyi > 1?
Evidently, it can be expressed by an integral

1 oo
Pr(j) = / /Hj(T)Gj(V)deV, (31)

6 lif
where I7;(7) is the probability distribution for Re x; and G;(») is the probability distribution for Re(x; — y;).
Shift maps themselves produce uniform distributions for the variables x; within the squares 0 <Rex; < 1, 0 <

Imx; < 1 (small noise does not change it significantly), so the probability /7;(7) = 1. Assuming that G;(»)
has a Gaussian distribution (this assumption is reasonable in virtue of the Central Limit theorem),

~ 1

(v) =
)

one can readily obtain that

AP for()? 29
< s \J )

R(§) = (2/m)"ar(j) for op(j) < 1. The probability of the inverse event,
namely, Re fix; < 1 and Re fjy; > 1, is also equal to Pr(j) due to the symmetry. Similarly, for shifts
of imaginary parts, the probability will be P(j) = (2/7) ~'o1(j) where o1(j) is the standard deviation of

Im(x;—y;) (in general it differs from or(j)). Recalling now that we have N independent maps, we get the full
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Fig. 6. Standard deviations of Re(x; — y;) (a) and Re(x; — y;) (b) as functions of N for super-stable coupled complex shift maps (i4)
with fy = 1.5, 1.9, and white noise magnitude o = 10-3,

probability of de-synchronization at a given iteration, Py = 27:1 [Pr() + P(j)]) = 2y/m)~! Zf':l (or +071).
The probability of having a break at exactly the Ith iteration is evidently P(I) = (1 — Py)'~'By. In the limit
of Py <« 1 which corresponds to the situation when the probability of de-synchromzatlon at a particular step
is small, this yields the exponential probability distribution (30) with 4 =~ (2/7 y-! =i [(TR( D H+o(ihl.
It remains to express og(j) in terms of the noise standard deviation ¢ and the number of maps N. It is not

difficult to compute these relations analytically taking advantage of the special form of the Jacobian matrix DF.
Indeed, the linearized equation for the vector of £ = x — y reads as

LAl RN IALA LU0 0L R VRARRAR

£(n+ 1) =DF&(n) + n(n),

1 A4 ol : N _
1 times and uSlﬁg ﬂupﬁtﬁfic‘y' of DF (DF = 9), one

where vector n(n) represents noise in the channel. Note that by assumption all N components of the vector

ﬂﬂﬂﬂﬂﬂﬂﬂ Frar ttacs
7(n) are vqual After 1tcxatmg Cq. {3

£(n+N)=DF¥ 'n(n) + DF¥ 2n(n+ 1) + ...+ n(n+ N—1). (34)
It is easy to see that [DF¥y(n)) j = ff,-"’ n(n), where n is a component of the vector 7. The standard
deviation of the arbitrary component of £ can be readily found under the assumption that n{n) are J-correlated,
(D))= ’ 0-2& ;. For fy real, statistical averaging of the sum (34) yields the following expression for the

standard deviat gn_ of Re£. Imé&:

Laiss g, 28,

[1 o .
URI(J)—U'\/24 (f3Y - ”\fz S

This formula agrees precisely with numerical simulations (see Fig. 6). The sum of all standard deviations
cannot be calculated exactly, but still 4 can be approximated by a simple formula,

fRcos(4mj/N) =1
2fXcos(4mj/N) + 1

(35)

(36)

where ¢ is an O(1) constant. This formula also agrees with our numerical simulations. Fig. 7 illustrates the
linear dependence of 4 on o, and Fig. 8 demonstrates that the A(N) is well fitted by the function (36).
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Fig. 8. Rate 4 of exponential decay of the probability distribution P(!) as a function of the number of map pairs N for fo = 1.5,
o =2 x 104, The open circles correspond to the results of numerical simulations while the dotted line with solid squares shows the fitting
of these data with 6.3 x 107N (¥,

3. Continuous systems

So far we have studied multiple synchronization of discrete-time systems (maps). To test our idea of multiple
synchronization in the continuous time systems, we studied numerically the system of ODEs that simulates the
dynamics of the coupled electronic circuits [9]:

o exiotaTe

Driving system:

D =yt P = —x(V _gyD 4D 1D =y, [a!f(xgl)) —z,,m] — oy,

- (2 2 . (2 2 2 2 2 2 2 2

x§)=y‘( ). y§)=_x§) Sy() l( ). () =y [azf(xﬁ ))—Zn( ’]—azyf ), (37)

Response system:
=yl e [x“’ i x§2)] . 9= — 8yl 4 28V,

(i) [ { (1)) 0] () \4) (2) KD @ @]

FA =71[a1f(x2 )—zz J—0|y2 , =y +El +x7 —x3 —x; J

W2 _ D s (D) (2) ¢ N PP 3 ) W ¢3) I ) (18)
_y2 - 42 Uz)’2 T4.2 S ‘.2 =72 Lug_, \A2 } 4.2 J Y22 . A0y

In an appropriate parameter range, each driving oscillator behaves chaotically. The meaning of the parameters
entering these equations as well as the shape of the nonlinearity f(-) can be found in [9].

In our numerical simulations we used the following values of parameters: 8,2 = 0.534, v12 =02, 012 =
i. DA ay = LL 4 Q) = LJ ‘V‘V'C found thai lﬂlS systém DCﬂdVCb lll a manner blIIllldf io lﬂC one UCSCHDCU in the
previous section. In Fig. 9 we show the synchronization error x(” (l) as a function of time for the case
of strong coupling, € — oo. The driving and response systems were started from the initial conditions in the
manifold of synchronized motions. Eqs. (37), (38) were integrated using an adjustable-stepsize Runge-Kutta
method. Once every unit of time, the uniformly distributed white noise of magnitude 2 x 10~ was added to
the dynamical variables of the response system. As in discrete systems, we observed an intermittent behavior.
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Fig. 9. Typical time series of the difference between driving and response signals x; — y; for two pairs of coupled ODEs (37), (38).

The synchronization persists for some finite time, then breaks due to noise amplification along a piece of
trajectory with positive local Lyapunov exponent, and after a while returns to the vicinity of the invariant
manifold of synchronized dynamics. The characteristic length of laminar intervals is dramatically affected by
the level of noise that we introduced. The important difference between the intermittency in coupled maps and
the intermittency in the continuous system (37), (38), is that due to the higher dimensionality of the phase
space in the latter case, the transient process that follows the initial outburst is much longer. Once the system
abandons the manifold of synchronized oscillations, it may wander around for a very long time before it settles
on the manifold again. In practice, some error-correcting scheme can be developed that resets synchronization
“manually” right after the de-synchronization burst occurs.

4. Conclusions

In this work we have demonstrated the principal possibility of sending simultaneously several independent
chaotic signals over one communication channel and separating them at the receiver using the phenomenon of
chaotic synchronization. Several examples have been used to illustrate the main ideas, coupled maps as well as
ordinary differential equations. The systems at the receiver end are globally coupled and synchronized by a sum
of signals generated by uncoupled driving systems at the transmitter end. By the optimal choice of coupling
strength and the form of nonlinearity, the manifold of synchronized motion x = y can be made stable (the
maximal global conditional multiplier is less than unity, or the maximal global conditional Lyapunov exponent is
negative). Moreover, for some particular class of shift maps, all multipliers are zero, i.e. the invariant manifold
is super-stable.

Unfortunately, despite of superstability, a finite (actually, rather small) amount of noise in the communication
channel is able to destroy synchronous behavior of the response systems. The reason for that, as explained
in Subsection 2.3, is that local conditional multipliers of the invariant manifold can be larger than unity (in
continuous systems local conditional Lyapunov exponents are positive) for relatively long periods of time and
therefore amplify noise to the large-scale de-synchronization outbursts or even driving the system beyond the
basin of attraction of synchronous dynamics. In the case of shift maps the local multipliers are all zero (see
Subsection 2.2), however the shifts themselves may break synchronization if noise is present in the channel.
As is typical for so-called “on-off™ intermittency, long laminar periods of synchronized behavior are separated
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by bursts of complete de-synchronization. We calculated analytically and numerically the distribution function
of lengths of laminar phases as a function of the number of systems and the noise level.
From the practical point of view, more sensible would be simultaneous transmission of several information-

bearing signals rather than purely chaotic ones. We believe that with some modification, our approach can be
used for this purpose. Indeed, in a number of recent publications various methods of controlling chaos have

CU U0 WS puipOst,. a0, 1 & Bulinfa U 81 PVl vallQOUs ANV O LOINIANRAAAE L4l

been proposed. In particular, Hayes et al. [3] demonstrated that a chaotic system can be forced to follow a
given symbolic sequence by applying very small albeit carefully chosen perturbation to its parameters. Applying
this method, one can control all driving systems-independently, and thus embed the signals into the chaotic
sequences. Note that since the control is small, these sequences do not differ from “uncontrolled” time series
from the same systems in a sense that they could be generated by those systems if the initial conditions were
appropriately chosen. So, the sum of these signals should synchronize the response systems as well as the sum

A G vt 1ad?? Alaati A th £, th rm
of “uncontrolled” chaotic signals, and therefore, the multiple information signals can be retrieved.
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