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Spiral Competition in Three-Component Excitable Media
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Excitable wave patterns consisting of large coherent spirals are observed during the aggregation of
Dictyostelium amoebae. These emerge from an initially disordered state which arises via random cell
firing. In this work, we show that this phenomenon can be understood as being due to a specific
spiral competition instability which occurs in certain three-component excitable medium models. This
instability can be understood as symmetry breaking of a spiral pair leading to one spiral suppressing
and expelling another.

PACS numbers: 87.22.—q, 05.45.+b

The study of spiral waves in excitable media has beerharacteristic size of a spiral core. It is thus of interest to
a focus of significant attention in recent years. Spiralsinderstand what mechanism might be operative so as to
have been found to be a relevant wave pattern in @accomplish pattern coarsening.
variety of chemical systems such as celebrated Belousov- In this Letter we show that the formation of large
Zhabotinsky (BZ) reactions [1], in the electrophysiolog- coherent spirals can be caused by coupling the usual
ical activity of heart tissue [2], oxidation of CO on a excitable dynamics to an additional slow field This
platinum surface [3], aggregation of Dictyostelium [4], additional degree of freedom responds positively to
etc. Significant progress has been achieved in this aresxcitation of the fasi field and modifies the excitability
through detailed numerical and analytical investigationf the medium. All this takes place with a characteristic
of generic reaction-diffusion models [5—-7]. For example,time scale which is slower than the field response.
it was found both theoretically and experimentally that thewe will show on the basis of numerical simulations
spirals can exhibit rich dynamic behavior ranging fromof this three-component model that a small spiral pair
periodic and quasiperiodic meandering to chaotic hyperfa large number of which are nucleated from typical
meandering and spiral turbulence. random initial conditions) undergoes a symmetry-

To date, the emphasis in these studies has been dmeaking instability (compare [12]), where one member
simplest two-component reaction-diffusion systems whictof the spiral pair overwhelms its neighbor and pushes
exhibit excitable behavior. These models consist oft to the periphery. This instability leads to coarse
coupled equations for a fast field and a slow fieldv.  graining of the wave pattern leaving only few “large”
A typical example is the FitzHugh-Nagumo model which
takes the form [9] 0 25 min

b = Viu + éuu — = um@)], Q)
v =2=6Vv+u-—uv, (2

where e < 1 is a small positive parametel is the
ratio of diffusion coefficients of two variablesy;,, =
(b + v)/a is the v-dependent threshold defining the F e
excitability of the medium, and:;,b are the parameters g min
of the model. Equations (1) and (2) describe many Gl
experimentally determined features of spiral waves, for =
example, frequency selection, meandering instabilities, &
interaction with boundaries, defects, etc. [5,10]. :
However, this model as well as other two-component &
systems fails to reproduce a number of other important %
phenomena seen in experiments. In particular, small- S A=
scale disordered initial conditions never evolve toward ~— =
formation of large coherent spirals, as is often observed iflG. 1. A sequence of dark-field photographs of an aggre-
the early stage of amoebae aggregation [11] (see Fig. ]%atlng Dictyostelium colony with density.2 X 10° cells/cm?

On th t fi hort t ent b f spiral eginning several hours after starvation. Each panéHix
n the contrary, aiter a short transient a number of Spiralyg“mpe “The arrows indicate a specific example of spiral pair

like defects remain unchanged and the coherence lengdymmetry breaking. Courtesy of K. J. Lee, E. C. Cox, and R. E.
of the system never becomes significantly larger than th&oldstein. (See Leet al.[11].)
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spirals. This instability does not occur in any two- ditions. Intwo-component systems this disordered pattern

component model of excitable media studied to date.  of spiral-like defects is persistent, as the (superexponen-
To be specific, let us assume that the ultraslow field tially weak [13]) spiral interaction does not destroy spiral

has the same type of coupling to the fast field as does thegairs. However, in contrast to two-component systems, the

v field. This yields an equation similar to Eq. (2) model (1)—(3) proceeds to exhibit nontrivial spiral compe-
tition [Figs. 2(b)—2(d)]. As a result, a number of spiral
aw = oVw + Bu — aw, (3) defects monotonically decrease leaving finally a large sin-

gle spiral in the whole integration domain [Fig. 2(d)]. For
where constants, § < 1 characterize the relaxation of small values of diffusivities in slow variables o, mean-
w and the rate of coupling with, respectively, andr  dering of spiral cores is observed. For larger values of the
is the diffusivity ofw. Also, we assume that the growth diffusivities the meandering is absent, but the symmetry
of w increases spiral frequency. This can be achieved bijreaking instability persists. We conclude that the spiral

changing the excitability threshold to be meandering is not necessary for symmetry breaking.
v +b A number of the defectsv as a function of time
e = ——— +w. (4)  are shown in Fig. 3. During the integration time the

total numberN drops from11 to 1. The number of

Although the remainder of this paper will focus on this defects decays approximately exponentially in time. This
specific model choice, we have checked that other modelgdicates that the time it takes for the symmetry-breaking
of this class with positive feedback between excitation anghstability to halve the number of spirals is to some extent
excitability exhibit the same phenomenon. In particularindependent of the size scale of the competing spirals. In
one can explain the aforementioned experimental resultge absence of a theory of this instability, it is hard to
in Dictyostelium aggregation by taking into account thesay at present if this surprising scale independence would
feedback from the cAMP waves to the expression of theyersist to larger length scales than can be seen in our
genes coding for the signaling system in the individualsimulations.
cells [8]. It is worth pointing out that a spiral pair instability

We performed numerical simulations with Egs. (1)—(3),is known to occur for spirals in the complex Ginzburg-
using a modified version of the EZspiral code written|andau (GL) model [12]; there, the instability is caused
by Barkley [9]. A typical time evolution of the system by the response of the spiral frequency to the motion
started from random initial conditions is shown in Fig. 2. of the shock (a sink which absorbs waves emitted by
After a short initial transient many spiral defects appeathe spirals). As was shown in Ref. [12] the advance of
[Fig. 2(a)]. This picture is similar to a generic behavior of the shock towards the spiral core leads to a frequency
two-component systems evolving from random initial con-decrease and, consequently, accelerates the shock motion.
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FIG. 2. Dynamics of the spiral competition. The parame- 0 Too 00
ters of Egs. (1)—(3) area = 0.75,b = 0.01,e = 0.025, a = t

0.05,8 = 0.03,6 = 0.05, ando = 0.2. The number of grid

points was 121 X 121, the size of the integration domain FIG. 3. The number of defect& as a function of time.
50 X 50. Gray-coded images show the primary slow field The parameters of model as in Fig. 2. The symbols (open
(black corresponds to = 0 and white isv = 0.6) at the mo- circles and diamonds) correspond to different random ini-
ments of time (a)r = 7.8; (b) + = 39; (c) t = 86; and (d) tial conditions. Dashed line shows exponential fit =
t=177. 11exd—0.015¢] + 1.
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However, in two-component excitable systems, at leasof rotation. As a result, a phase lag is introduced between

in the limit of small €, this mechanism is absent. In the tips of the two spirals. As we will now argue, this

Ref. [13] it was shown that in contrast to the GL model, alag is the basic process driving the spiral pair symmetry

symmetric configuration of spirals in the two-componentbreaking.

model is stable. Also, in two-component excitable media, Finally, we would like to suggest a plausible scenario

in general, the spiral interaction is extremely weak andunderlying the symmetry breaking. Let us consider two

negligible on any realistic time scale. Therefore, wealmost symmetric spirals. The positions of spiral tips

believe that this type of symmetry breaking requires theare characterized by the anglés, with respect to the

existence of the third field, and it is specifically the straight line connecting the cores, and the instantaneous

feedback though this third field which is responsible forspiral frequencies are given by;¢;,. For the ideally

the strong interaction of spiral cores. symmetric spiral pair¢g; = ¢,. The phase dynamics can
A more detailed look at the decay of an almostbe written in the form

symmetric spiral pair is shown in Fig. 4. The ultraslow

field w has a circular depression near the spiral cores [see dd12 = wo(W) + ywi,. (5)

Fig. 4(b)]. This feature is clearly due to the fact that at

the core of the spiral: is always in a refractory state Here we denoted by a value ofw typical of the entire

corresponding ta close to zero (in excited zone— 1).  medium, and byw,, the values ofw at the spiral cores.

As a result,w assumes some nonzero value only dudn fact, w;, controls the dynamics of spirals, whereas

to diffusion effects, which are relatively weak. This remains almost constant throughout the process of spiral

depression then causes a reduction of the excitability focompetition. The constang should be strictly positive

the fast variable and thereby impedes the spiral rotatiorbecause largew corresponds to higher excitability and

As one sees in the figure, the “losing” spiral has a smalletherefore higher frequency of spiral rotation. For, we

value ofw at the core, and, therefore, smaller frequencyhave an equation following from Eqg. (3)

dwip = —awiy + Bui,, (6)

wherewu;, are averaged (over a spiral period) values of
u at the spiral cores. The key assumption we make is
that,, depend on the phase differenge= ¢, — ¢,.
Indeed, the phase controls the distribution of the:
field, and, as a result, a different amountuolvill diffuse
towards the core if¢p changes. For almost symmetric
configuration the dependence should be linear

Uip =uy *ve. (7)

After simple transformations we obtain the following
equation forg:

Zp = —yadd + 2vyd. (8)

If »>0, we will obtain a growth of the phase
and, consequently, the breaking of the symmetric pair.
There is no obvious way to determine the constant
characterizing the response of the core to the phase
shift. However, we have implicit evidence that supports
our construction. In Fig. 5, the phase differengeis
shown for the run presented in Fig. 4. Indeed, one sees
that ¢ grows monotonically until the second spiral gets
FIG. 4. The breakdown of the spiral pair. Gray-coded imageglestroyed atl’ =~ 20.0 when ¢ = —0.2 (note that the
show both the primary slow field (right) and the ultraslow frequency difference is still small at this stage).

field w (left) for the moments of time (a) = 10.4; (b) r = In summary, we have shown how a simple three-
41.6; and (c)r = 79.3. (The “color” table forv is the same as ¢, mponent extension of the usual class of excitable media
in Fig. 2, the color table fow spans from black a = 0.05 to . .

white atw = 0.1). The parameters of the simulations are themOdeIS exhibits a new symmetry—brea_klng phenomena.
same as in Fig. 2, except far = 0.06, 8 = 0.025,8 = 0.2,  Our results to date are mostly computational, but we have
ando = 0.3. presented a simple scenario in which the most relevant
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